Introduction
Modern electric networks include power electronics in the form of flexible AC transmission system (FACTS) devices. high voltage DC (HVDe ) transmission links, and custom power system (C UPS ) devices. As a result several challenges have arisen in the modeling and analysis of modern ele(rric network. This has been exacerbated by the inclusion of alternative energy sources and storage devices connected to the electric grid by means of power electronics converters. Two of the challenges are the modeling fo r transient and harmonic analysis in large networks. For transient analysis of electric networks, software such as Electro-Magnetic Transients Program (EMTP), PSCAD/EMTDC, and Simplorer use circuit discrete models. resulting in a general nodal circuit formulation that allows time-domai n analysis [\ ,21. On the other hand. the method of dynamic average models [2 J is a powerful computational tool for large and small signal analysis of power systems, but a limitation of this method is that the harmonics generated by the switching elements are not considered. The DHD method has been shown to be a powerful tool for the dynamic analysis of power elements In this paper a methodology that extends the dynamic harmonic domain (DHD) analysis of large ne tworks is presented. The method combines DHD analysis and discrete companion circuit modeling resulting in a powerful analytic technique called dynamic companion harmonic circuit modeling. It provides for a complete dynamic harmonic analysis of the system, while preserving the advantages of discrere companion circuit models.
The methodology is illustrated by its application to a three-node power system. where the reactive power is compensated by a fixedcapacitor. thyristor-controlled reaClor and its control system which controls the firing angle ofthe thyristo rs. Although the DHD method solves the differential equations of t he system for the harmonics over time, the proposed method incorporates disc rete companion circuit modeling [I 1.12J into the DHD method and transforms t he differential equations into algebraic equations. The discrete models obtained in this manner are admittance matrices instead of purely resistive elements, which is the case when time-domain analysis is used. Also, a control system for the voltage control of the FC-TCR is included.
'.1. FC-TCR considerations
A common FAGS device is t he static VAR compensator, and its mos t important property is its ability to maintain an approximately constant voltage at its terminals by continuous adjustments of the reactive power that it exchanges with the power system. Unfortunately, this compensation is based on circuit controllers that distort the waveform of the uncompensated voltages from their idea l sinusoidal form. Nevertheless, the static compensator is commonly used and studied assuming sinusoidal voltages.
Several papers have proposed solutions for the harmonic distortion caused by thyristo r-cont rolled reactors (TCRs). A multi phase harmonic load now has been described in Ref. [ 13 1 . and a frequency domain TCR model is presented in Ref. [14] . In these papers, the control of voltage is achieved by an iterative scheme of adjusting the firing angle based on harmonic analysis that leads to steady state operation. Also, a steady state analysis based on the use of harmonic domain admittance matrices and functions is presented in Ref. [15] . In Ref. [5] the dynamic harmonic behavior of the sys tem is presented, but the control action of the compensator is not considered.
Dynamic harmonic domain
The DHD methodology is based on orthogonal bases, complex Fourier series, matrix differential operators, and the approximation of operators. The main idea underlying the DHD is that a function x(t) can be approximated by the time-dependent complex Fourier series [3] [4] [5] [6] :
The complex Fourier coefficients X h (t) are a function of time. Each coefficient is calculated using:
and T is the period of time under con sideration. Eq. (2) gives the time-evolution of the harmonics as a window of length T slides over the waveform x(t). In Refs. [3] [4] [5] [6] it is shown that the state-space equation dx(t)/dt = a(t)x(t) + b(t)u(t) can be represented in the DHD by
The vector X(t) is the state variable whose components are the harmonics coefficients of x(t); the vector U(t) is the system input whose components are the harmonic coefficients of u(t). The matri ces A(t) and B(t) are Toeplitz matrices whose elements are the harmonic coefficients of a(t) and b(t), respectively. The matrix D is a differential operator. The expression in (3) gives the dynamic evolution of the harmonic coefficients of the periodic variable x(t). Also, the steady state response of (3) is obtained when the deriva tive of the state variable is equal to zero, that is, when dX(t)/dt = 0. In steady state the explicit dependence on time in (3) can be sup pressed yielding 0 = [A − D]X + BU or
Eqs. (3) and (4) are the basis of dynamic harmonic domain anal ysis. Eq. (3) gives the evolution in time of the harmonics of the system during the transient period and (4) establishes the condi tion for steady state. The steady state solution from (4) can be used as an initial condition when solving (3). This characteristic is very important since in many cases it is difficult to obtain a steady state solution of a dynamic system.
Companion harmonic circuit models
The solution of the differential equation representing an ideal inductor or capacitor can be approximated by applying the trape zoidal rule for integration to the equation. The difference equation which results can then be represented by a Norton equivalent circuit comprised of an admittance and a current source. The equivalent circuit is called the associated discrete circuit model or companion circuit model of the circuit element. Each of the induc tive or capacitive elements in the electrical network of a power system can be converted to its companion circuit model before set ting up the equations which describe the entire network [11, 12] . The companion circuit model approach can be combined with the powerful methodology of dynamic harmonic domain analysis for transient and steady state calculations in the harmonic domain. It should be noted that a companion circuit model can be derived from any implicit numerical integration formula associated with a circuit element or device [11, 12] . In this section, we shall derive the companion harmonic circuit models for the inductors, capacitors, and a thyristor-controlled reactor using their defining differential equations in the DHD.
Companion harmonic circuit modeling
The differential equation that represents the terminal charac teristics of an ideal inductor L is given by
According to Eq. (3), Eq. (5) may be expressed in the DHD by
Applying the trapezoidal numerical integration approximation to Eq. (6), the following expression is obtained:
where t is the integration time step. Solving for I L (t) gives the companion harmonic circuit model in the Norton equivalent form:
where Y L is a complex admittance matrix given by
(9) L U I is the identity matrix, and the history term I hist,L is given by
Eq. (8) is the companion harmonic circuit model of the inductor shown in Fig. 1 . This model is required for the transient analysis of the system.
For a capacitance C, the governing differential equation is
In the DHD this equation is represented by
The Norton equivalent circuit for a capacitor is determined in a manner similar to that used for an inductor and is given by
where [ J
Eq. (13) is the companion harmonic circuit model of the capac itor given by the circuit shown in Fig. 2 .
The TCR operation is shown in Fig. 3 . In this figure, the switching function s(t) represents the operation of the thyristor; it is a func tion of the gating delay angle ˛ and the conducting angle for each thyristor. This function is well explained in Ref. [7] .
When the thyristor is conducting, that is, s(t) = 1, the voltage across the reactor is v R (t), and the current response is given by i TCR (t)
as shown in Fig. 3 . Thus, the operation of the TCR can be represented as follows. The voltage across the reactor can be described by
Since the voltage in the reactor is given by
Then, substitution of Eq. (17) in (16) yields:
In the DHD, Eq. (18) is represented by
Then, the companion harmonic circuit model for the TCR is given by the Norton equivalent:
where Y TCR (t) is a complex admittance matrix given by
The matrix Y TCR (t) is a time dependent matrix because the TCR admittance depends on the state of the switching matrix function S(t), which depends on the power system conditions. The history term I hist,TCR is given by
Fig . 4 shows the companion harmonic circuit model for transient analysis of the TCR.
Steady state in companion harmonic circuit models
One of the advantages of the dynamic harmonic domain method is the ability to obtain the exact steady state response of the dynamic system using Eq. (4). The steady state response for an inductor is given when the derivative of the state variable in Eq.
where 
where the constant complex admittance matrix is given by Y C,SS = CD. The exact steady state response for the TCR is given when dI TCR (t)/dt = 0 in Eq. (19). Then
where Y TCR,SS = [LD] −1 S is a constant complex admittance matrix, and the matrix S is a function of the TCR terminals voltage depend ing on gating delay angle ˛ [7] . The admittance matrix in Eq. (25) is obtained by an iterative process. With suitable initial conditions this iterative process, requires no more that 5 iterations. However, when the TCR is connected to a network which contains a high level of voltage waveform distortion, a convergence problem may arise. In many cases this problem can be solved by keeping the gat ing delay angle ˛ constant for a short time until the voltage at the terminals of the TCR reaches a steady value.
PI control system for the FC-TCR
In order to maintain the voltage level at the reactive power com pensator terminals at a given reference voltage, the control system shown in Fig. 5 is used. The reference voltage is V ref , and V measure is the voltage at terminals of the compensator. The state-space equation for the control is given by
According to previous sections, the discrete model for the con trol is given by where ˛h ist = ˛(t − t) + ε(t − t).
Network equations formulation
For a network with n nodes, a system of n equations can be derived from their companion circuit models [12] . The equation that represents the network is given by the nodal equation
where Y = n × n symmetric nodal admittance matrix. V = vector of n node voltages. I = vector of n current sources. I hist = vector of n current history terms. Eq. (28) is partitioned into a set A of nodes with unknown volt ages, and a set B of nodes with known voltages. The unknown voltages are then determined by solving the system of linear alge braic equations given by
See Ref. [11] for a detailed computational solution. In elec tric networks, a radial or mesh configuration can be represented directly by the admittance matrix and the known voltages V B . These voltages can be either transmission systems voltages or voltages at the power stations in distribution systems.
Computational method to obtain and solve the nodal equation
The computational method to solve (28) is addressed in Ref. [11] . Eq. (28) has the general form of the nodal equation given by Y n V n = J n , where Y n is the nodal-admittance matrix defined by Y n = AY b A t . A is the incidence-matrix, and Y b the branchadmittance. V n is the nodal voltage vector, and J n is the nodal current vector which is defined by J n = A(J − Y b E), where J is the branch-current source vector and E is the branch-voltage source vector.
The matrices and vectors A, Y b , J and E are obtained from the voltage and current sources, branch elements and their respective connection nodes. A simple algorithm is used to automatically gen erate the nodal equation given by (28), from Y n and J n , and the same algorithm came modified slightly to solve (29):
The computational procedure to solve (29) is as follows: matri ces Y AA and Y AB are constructed and Y AA is triangularized with ordered elimination and exploitation of sparsity. At each time step, the vector on the right-hand side of Eq. (29) is assembled from known history terms, currents and voltages. Then the system of linear equations is solved for V A , using the information contained in the triangularized admittance matrix. Before proceeding to the next time step, the history terms are updated. The initial conditions are included in the history terms for the first iteration; these can be steady state initial conditions or any other suitable initial condi tion. For the steady state case, the solution of the Eq. (29) does not require iteration. 
Numerical example
To illustrate the application of the developed models, the 230 kV-100 MVA power system shown in Fig. 6 
Exact steady state response
The exact steady state condition can be obtained by using the steady state companion harmonic circuit models given by Eqs. (23)-(25) for an inductor, capacitor and TCR, respectively. The nodal equation that represents the power system is given by (25) for the capacitor and the TCR, respectively, in parallel connection.
It should be noted that an iterative process is necessary for the solution of the nodal equation (30), since the nodal voltages and the gating delay angle are unknown. In this iterative process, a gating delay angle ˛ = 142.29 • and the nodal voltages were obtained. After the voltage V 3 at bus 3 has been calculated, the current in the TCR I TCR can be obtained.
Initial value conditions
The steady state values obtained from the solution of (30) are used for the initial conditions in the companion harmonic circuit models. Note that these steady state values could also be used in time domain simulations to initiate the simulations. In that case, the steady state initial values for this example are given by
where h is the index of the harmonic component.
Dynamic analysis using the steady state as the initial condition
The case of study is carried out using the companion harmonic circuit models developed in Section 3.1. The nodal equation that represents the power system for dynamic analysis is
where the admittance matrices are obtained in a manner similar to that used in the steady state case. But in this case the equations used were Eqs. (9), (14), and (21) for the inductor, capacitor and the TCR, respectively. The current sources are given by the history terms. It should be noted that the admittance matrix for the TCR is the only one with Toeplitz structure and change every time step as a function of the gating delay angle. The solution at every time step of the algebraic nodal equation given by (31) yields the dynamic harmonic evolution for voltages and currents of the power system. Figs. 7 and 8 show the dynamic behavior of the peak values of the harmonics for the TCR current I TCR and the nodal voltage V 3 , respectively. Those figures clearly show that the simulation starts in steady state and the transient behavior of the harmonics after the load disturbance has been applied.
In Fig. 7 it is clear that the fundamental and the 3th harmonic of the current are reduced but not the 5th harmonic, which increases. This change in the magnitude of the harmonics depends on the TCR gating delay angle. When the load changes, the TCR is controlled so as to maintain the voltage at Bus 3 as shown in Fig. 8 . 9 shows the delay angle ˛ of the control system in Fig. 5 for a step increase in Load 2 . As expected, the delay angle increases to compensate for the increased load. Fig. 10 shows the reactive power injected into the system by the FC-TCR. Finally, Fig. 11 shows the bus voltages of the power system. When an increase in the load occurs, the compensator injects reactive power into the system in order to maintain a constant volt age at Bus 3. The reactive power absorbed by the TCR decreases, while the reactive power at the capacitor remains constant as shown in Fig. 10 . The voltage behavior is shown in Fig. 11 . The tran sient period of the voltage can be observed, and the voltage returns approximately to the reference level with slight oscillations.
Using Eq. (1) the currents in the FC-TCR, which are represented in the harmonic domain, can be transformed into the time domain, and the results are shown in Fig. 12 . Comparing Figs. 7 and 12, it can be seen that in the harmonic domain, the change in magnitude of the TCR current during the transient period is clearly observable; whereas in the time domain, it is impossible to observe most of the transient behavior.
A major advantage of the harmonic models developed above is that the dynamic behavior of the harmonics is available for the design of different control schemes and to analyze the resonant behavior of the power system.
Computing time
The computing time required to solve a n-nodes electrical network is given for the time required to solve the resulting nsimultaneous linear equations, which are of the form A nxn x n = b n , as in Eq. (28). These are solved at each time step of simulation. This set of linear equations, when written in the harmonics domain, results in a set of n(2h + 1) simultaneous linear equations which are also solved at each time step. The solutions of an n-nodes network, using Gaussian elimination or LU factorization required at least n 3 /3 oper ations [11] . Considering this, it is expected that the same n-nodes electrical network will require at least (2h + 1) 3 more operations if the harmonic domain is used which increases the computing time correspondingly. This computing time can be significantly reduced if the highly sparse characteristic of the resulting matri ces is taking into account and sparse-matrix techniques are used. For the example discussed, a set of 303-simultaneous linear equa- tions must be solved at each time step. The simulations were carried out using Matlab on an Acer Ferrari 1000 AMD Turion 64 X2 sys tem using a time step of 0.1667 ms. Each time step required 0.32 s without sparse-matrix techniques giving a total time of 32 s per cycle (60 Hz) of simulation. This time can be significantly reduced if fewer harmonics, a large time step, and sparse-matrix techniques are used.
Conclusion
This paper develops a new method for analyzing the transient and steady state response of a power system to a load disturbance in the presence of a thyristor-controlled reactive compensator with a fixed capacitance. The method combines two powerful analytic techniques: dynamic harmonic domain analysis and discrete com panion circuit modeling. Used together, the technique is called companion harmonic circuit modeling. The technique allows a complete harmonic analysis of the system while preserving the advantages that accompany the use of associated discrete circuit models. One advantage is that the method provides a direct means of calculating both the steady state values of the harmonics and the transient response of the harmonics to a disturbance. The tran sient response is available from the explicit time-evolution of the harmonics that the method provides. Another advantage is that the power system can be modeled by a simple set of algebraic equations that easily can be implemented in simulation software instead of state-space equations involving derivatives. The results obtained from the dynamic behavior of the harmonics are valuable in the analysis of the stability and resonance of the system and in the analysis and design of control systems.
The use of the trapezoidal rule in the numerical integrations may cause oscillations in the numerical outputs, for example, in the voltage across an inductance after a current interruption or in the current through a capacitor after a voltage is switched. To mitigate this problem, the critical damping adjustment procedure described in Ref. [16] can be used. Another area for future study is the introduction of equivalent series resistances to the inductor and capacitor in the TCR. These resistances render the TCR more realistic and dampen the transients related to the load disturbance. The damping may also help to control the steady state oscillations. Finally, it should be possible to reduce the oscillations by using a more sophisticate control system.
From the implementation point of view, it is clear that it is not possible to interconnect conventional electric elements (time domain), represented by their discrete circuit models, with har monic domain elements. This is because the circuit elements are represented by scalar quantities and the harmonic domain are represented by matrices. Therefore, discrete harmonic circuit mod els cannot be mixed with discrete circuit models implemented in software such as the EMTP. Nevertheless, it should be possible to implement discrete harmonic circuit models in EMTP's subrou tines in order to obtain exact steady state initial condition, or to implement iterative hybrid methods where the linear network is modeled by discrete circuit models and the nonlinear network by discrete harmonic circuit models, taking the advantages of both discrete circuit models.
